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INTRODUCTION 
In [7], D. T. Price determines most of the structure of the so-called 
minimal non-M-groups. By definition a minimal non-M-group is a finite 
non-monomial group all of whose proper sections are monomial. A finite 
group T is said to be monomial, when all irreducible representations of 
T over the complex field are induced by linear representations of sub- 
groups of T. 
The theorem proved by Price is the following: 
THEOREM 1. Let G be a finite solvable minimul lunz-M-group. Then the 
following properties hold: 
1. G = PA, where F is an extra-special normal p-subgroup of G of exponent p, 
p prime (when p = 2, then F is not dihedral) and the subgroup A of G 
acts irreducibly on F/Z(F) and trivially on Z(F). 
2. O,(G)= (1). 
3. Either A is some $-group or p= 2 and A/02*(A) is a cyclic 2-group. 
4. If A is of odd order then A has prime order. 
As done in [8], it can easily be shown that the Fitting subgroup F(G) 
of G is equal to the group Z(G)F and Z(G) is a cyclic p-group. {Indeed, 
if p # 2, or if p = 2 and A is a al-group, then F(G) = F = FZ(G) by proper- 
ties 2) and 3) of the just mentioned theorem, and when p=2 and A is 
not a 2’-group, then by property 3) of the theorem it follows that F(G)/F 
is a cyclic S-group. Use in the latter case the construction of [8], page 161, 
and the result follows}. 
It is the purpose of this paper to clearify the structure of the group A. 
More precisely, since it can easily be seen that F(G)=CG(F/Z(F)), we 
study the structure of G/F(G), with G/F(G) considered as subgroup of 
Aut (F/Z(F)). 
We prove the following 
THEOREM 2. Let G be a j&-rite solvable minimal non-M-group. Assume 
that G/F(G) does not contain a normal extra-special r-subgroup of exponent r 
for any odd prime r. Then G/F(G) is one of the following groups: 
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1. G/F(G) is cyclic of odd prime order q, 
2. G/F(G) is quaternion of order 8, 
3. G/F(G) is dihedral of order 2q, q odd prime, 
4. G/F(G) = (x, uIu4= 1 = xq, u-lxu=x-l), q odd prime, 
5. G/F(G) is a cyclic group of order 4. 
In the course of the proof of theorem 2 we make the action of G/F(G) 
on F/Z(F) precise, in particular the prime p dividing IFI plays an im- 
portant role just as the prime q does, which occurs in this theorem 2. 
The minimal non-M-groups corresponding to theorem 2 are described 
in $ 3. 
Notations and conventions are standard and can be found in [4], [6] 
and [8]. All groups in this paper are finite; the word ‘Yinite” will be 
omitted from now on. 
9 1. SYMPLECTIC PRIMITIVE MODULES 
Let G be a minimal non-M-group which is solvable. As we have seen, 
there existe a normal extra-special p-subgroup F of G. For any two 
elements x, y E F we have [x, y] = zg with a fixed z such that (z) = Z(F). 
Now Z(F) C Z(G), w h ence i E EP depends only on the class 2 of x mod Z(F) 
and on the class g of y mod Z(F). F/Z(F) is elementary abelian, and so 
F/Z(F) can be viewed as an irreducible &(G/F(G))-vector space 8. The 
map f : V x V I-+ Ez, given by (2, g) I-+ i, with 2, g considered as elements 
of the vector space V by abuse of language, i is defined above, induces 
a non-singular symplectic form on V, denoted again by ( , ). The group 
G/F(G) acts on the vector space V leaving the symplectic form ( , ) 
invariant, i.e. when t E G/F(G) then (9, gt)= (2, g) for all b, g E V. This 
follows from the group action 
[d, yt] = [t-l&, t-1 yt] = (t-lxt)-l(t-l yt)-l(t-lb)(t-l yt) = 
= t-1(x-1 y-lxy) t =x-l y-lxy = [x, y] for any t E G. 
Therefore we can view G/F(G) as a subgroup of Sp(2m, p) with IFI =pzm+l. 
{p divides IFI with an odd power; see [6], Th. III. 13.7). 
Define N=G/F(G), Hl=HF(G)/F(G) with H a proper subgroup of G. 
Let 81 be an irreducible &Hi-submodule of V. If HI = N then V = VI ; 
in that case HF acts irreducibly on F/Z(F), and as any proper subgroup 
of G is monomial, it follows by arguments of [7] and [8], that HF =G. 
If HI is a proper subgroup of N, then HP(G) is monomial and putting 
PI/Z(F) the subgroup of F/Z(F) corresponding to VI, then .Fr # F by the 
same argument as in the last sentence following [7] and [ES]. Now HF/F 
acts irreducibly on Fl/Z(F) and trivially on Z(F). By the structure of 
G/P, and by the fact that HF is monomial it follows that Fl cannot be 
non-abelian. {Indeed, otherwise PI would be extra-special and by [7] it 
would follow that HF is not monomial via the theory of extension of 
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characters}. So Pr is abelian, that is, the symplectic form ( , ) on V is 
trivial on Vi. 
Therefore we have the following general situation in which we use the 
same symbols as above to stress the analogy. We are given the group N; 
Pp is the field of p elements, p prime; V is an irreducible Ep N-module, 
g is a non-singular symplectic form on V fixed by N. We say that W 
symplectically induces V if 
1. W is a PpJ-submodule of V for a subgroup J of N, 
2. g is non-singular on W, 
3. V E WN, the induced module, 
4. if x, y E N where xJ# yJ, then xW and yW are orthogonal. 
We say that V is symplectic primitive if V is not symplectically induced 
by any proper (irreducible) subspace W of V. In our special situation 
this is indeed the case, but notice that “our” V is just an ezumple of a 
symplectic primitive module. 
From Berger’s papers [l] and [2], it follows immediately that the next 
proposition holds : 
PROPOSITION. An irreducible symplectic primitive EpN-module V is also 
a minimal Pp N-module. 
We recall the definition of “minimal K&module”. Suppose R is a 
group, K is a field, X is an irreducible K&module. Let g be a non-singular 
symplectic form on X fixed by R. Then X is called a minimal K&module 
if one of the following properties holds: 
1. X]S is homogeneous for all normal subgroups S of R, or 
2. for any normal subgroup S of R such that X(8 e Xi i . . . i Xt, 
where t> 1 and the Xt are distinct homogeneous components then 
(i) t=2; 
(ii) Xp is totally isotropic for i = 1, 2 ; and 
(iii) Xil~ is homogeneous for all normal subgroups L of R contained 
in the stabilizer of Xi in R. 
Putting X=V, K=Pr, R=N=B/P(G), we are back in our special 
situation. 
$ 2. SYMPLECTIC PRIMITIVE MODULES IN CONNECTION WITH THEOREM 2 
According to what we have to prove in theorem 2, let N = G/K(#) have 
no normal extra-special r-subgroup of exponent r for any odd prime r 
dividing IN 1. Theorem 2.9 of [7] states that any normal abelian subgroup 
of N is cyclic. Therefore any characteristic abelian subgroup of P(N) is 
cyclic. In particular, it follows from a theorem of P. Hall ([6], Th. III. 
13.10) that, if s is an odd prime dividing (P(N)], the Sylow s-subgroup 
P of P(N) equals C,a y M with M an extra-special e-group of exponent 
s if P is not abelian, otherwise P itself is cyclic. 
Assume P= C,a y M. Then notice that C8a =2(P) is of order sa and 
365 
that P is characteristic in P(N) whence normal in N. Let m E M and let 
01 E Aut (P). Then na” = nc for some n E M and c E C,a. Hence (rn~)~ = (nc)a = 
=nacs. As m E M, nEM, it follows that rna=na= 1. Thus cs= 1. Then, 
however, by the amalgamation, c E M. Hence M is characteristic in P, 
thus normal in N. By assumption such a group M does not fit as normal 
subgroup of N. It follows that P must be cyclic. 
Next, let 2 1 IF(N)]. A n c y h aracteristic abelian subgroup of the Sylow 
2-subgroup PZ of F(N) is cyclic, as it is also a normal abelian subgroup 
of N. We can apply P. Hall’s theorem again and we obtain: PZ is cyclic, 
generalized quaternion, semi-dihedral, dihedral or extra-special, or PZ 
equals U y R, with U extra-special, R equal to a cyclic, or generalized 
quaternion, or semi-dihedral, or dihedral 2-group. If such a non-abelian 
subgroup PZ occurs then by lemma 1.7 of [7], F(G) has odd prime power 
order pu. Assume PZ contains a quaternion subgroup of order 8. Then, 
if p = 1 (mod 4), we can apply lemmas 2.2 and 2.3 of [7], from which 
it follows that immediately N =&, the quaternion group of order 8, 
thereby settling the case 2) of theorem 2. For the action of & on F(G), 
see (i 3. If p E - 1 (mod 4), then we can apply lemma 2.3 and lemma 2.2.b 
of [7], so N=Cd as & contains a cyclic subgroup Cd. This is, however, 
a contradiction, and this case does not occur here! By Hall’s theorem, 
there remains PZ dihedral or cyclic. We split up: 
a) Let PZ be a dihedral S-group. Then Aut (Pz) is a 2group. Above 
we have found that P(N) is a direct product of PZ with the cyclic Sylow 
subgroups for the odd primes dividing IP(N Now N/CN(F(N)) can be 
viewed as a subgroup of Aut (F(N)) and Aut (F(N)) is a direct product 
of the automorphism groups of the Sylow subgroups of F(N). By the 
structure of the Sylow subgroups of P(N), it follows that Aut (F(N)) 
is nilpotent. Since F(N) > CN(F(N)), N/P(N) is nilpotent. Consider 
P(N)/OY(P(N)) and let X/O.,@‘(N)) be the unique maximal cyclic sub- 
group of the dihedral 2-group P(N)/Oz(F(N)). Then it follows easily that 
X a N. Further P(N)/X is a normal subgroup of N/X of order 2. N/F(N) 
is nilpotent. Assume that N/X is not nilpotent. Then by Th. VI. 7.15 
of [6], N/X splits over F(N)/X and F(N)/X is a direct factor of N/X. 
So N/X would be nilpotent, and this produces a contradiction. Hence 
N/X is always nilpotent! Since X is the direct product of its (cyclic) 
Sylow subgroups, X is cyclic. We keep this in mind and we proceed with 
the second case. 
fi) Let PZ be cyclic. By what we have seen before, the Sylow t-sub- 
groups of F(N) are here cyclic for all primes t dividing IF(N Therefore 
F(N) itself is cyclic, and N/F(N) =N/CN(F(N)) is a subgroup of the 
group Aut (F(N)) which is abelian in this case. 
In either case do), /?) N contains a non-trivial cyclic self-centralizing 
normal subgroup T such that N/T is nilpotent. In case 0~) T =X, in 
case /3) T= F(N). For the sake of completeness we mention that this 
statement is also true, as we have seen, if 2 j’ IF(N 
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Now we have arrived precisely at Hypothesis (3.1) of Berger’s paper 
[l] on minimal modules. Namely, Berger’s hypothesis (3.1) is : 
HYPOTHESIS. Let K=Pp for a prime p, and assume the following four 
facts are given: 
(1) V is an irreducible 2m-dimensional HP-vector space. 
(2) g: V x V + ED is a non-singular symplectic form upon V. 
(3) N = BL is a group with normal cyclic subgroup B and nilpotent comple- 
ment L, where B f~ L= {l}. 
(4) V is a faithful minimal EpN-module where N Jixes the form g, i.e. 
g(xu, v)=g(u, x-h) for all x EN, u, v E V. 
Notice that by our results obtained above, it is indeed true that N”, 
the nilpotent residual of N, is cyclic and so N is a semi-direct product 
of N” with the nilpotent group M with MC N and ME N/N%; see 
Th. VI. 7.15 of [6]. So (3) of the hypothesis is fulfilled. 
We split up again: y) N%={l}; 9) N%#{l}. 
y) Let N”=(l), i.e. N is nilpotent. We use the subgroup T defined 
above. “Our” V is a symplectic primitive &N-module whence also a 
minimal &N-module. Following Berger’s paper [l] we see that the follow- 
ing two cases can arise : y, 1) VI T is homogeneous ; y,2) V 1 T = WI i WZ 
where WS is a homogeneous totally isotropic PpT-submodule of V and 
where WZ is the dual of WI. We treat these cases seperately : 
Re y,l) Let V(T be homogeneous. Then N can be cyclic or N is a 
generalized quaternion 2-group. Assume N is cyclic, and let INI be 
divisible by an odd prime q. By [l], N is a subgroup of the cyclic group 
C of order pm+ 1 with p and m as in the Hypothesis. (So (PI =pzm+l). 
Let D be a subgroup of N of prime order q. V is a completely reducible 
&D-module. Let W be an irreducibleEJ%submodule of V. If dim,( W) = 01, 
then LX is the smallest natural number such that p” 3 1 (mod q). Hence 
q divides (pm+ 1, pa- 1). If 01 is even, then by Price’s theorem 2.6 of [7], 
it follows that N =D, and this settles the case 1) of theorem 2. Hence 
assume OL is odd. Now N =T and V]L is homogeneous for any (normal) 
subgroup L of N, in particular for D. Hence Vlu is the direct sum of 
isomorphic copies of W, so we have o112m. Since 01 is odd by assumption, 
aim. Hence q divides pm + 1 and pm - 1, so we find the contradiction q = 2. 
Next, let N be cyclic and assume INI = 2e. We have 2elpm + 1. Here p 
is odd. Is p E 1 (mod 4) then Q= 1. However, G/P(G) being then of 
order 2, cannot act irreducibly on the vector space P/Z(F). So we must 
have p z 3 (mod 4). By the lemmas 2.2 and 2.3 of [7], N=Cd as soon 
as N contains a cyclic subgroup of order 4. Again N # Cz, so we have 
settled the case 5) of the theorem 2. 
Next, let N be generalized quaternion. Then pm = - 1 (mod 4), ac- 
cording to point (3.11) of [l]. But then p E 3 (mod 4) and N contains 
a cyclic subgroup of order 4. Again it would follow that N = Cd, but now 
it yields a contradiction. 
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Re y,2) Let V]T= Wi i Ws. By point (3.19) of [l] there are in 
principle two possibilities for N, namely 
y,2,1) N is generalized quaternion with pm 3 1 (mod 4). Since I’ is 
symplectic primitive, m= 1 by point (4.5) of [l]. By lemma 2.2 of [7], 
N is quaternion of order 8 since N contains such a subgroup. This settles 
again the case 2) of theorem 2. Note that IPI =~a. See further 3 3. 
y,2,2) N is a subgroup of A x B where A is some generalized quaternion, 
dihedral or semi-dihedral 2-group, B is cyclic of odd order and N is not 
a 2-group. See (4.6) of [l]. N contains a non-trivial normal 2’-subgroup M, 
which is cyclic. Let o be some primitive ]Mlth-root of unity modulo p. 
By [l], point (2.4), /MI divides (p”+ 1)/2, where m= 2n and dim,(V) = 2m. 
As the stabilizer T(Wi) of Wi in N is of index 2 in N, we see that M 
stabilizes WI. Let Ui be an irreducible PpM-submodule of Wi. As Wll~ 
is homogeneous, dim,( VI)] 2n. Let dim,( Vi) = LY, then [Q,(w) : Er] = 01. 
If 01 would be even, then by lemma 2.2 and lemma 2.6 of [7], N itself 
would be cyclic of odd prime order, what contradicts ]N/T( Wi)/ = 2. So 
01 must be odd, whence aln. Then, however, IMI divides (p”+ 1)/2, and 
IMI divides pa- 1, whence also pn - 1. Therefore I MI 12, and this is a 
contradiction. So this case y,2,2) does not occur at all. 
6) Let N” be a non-trivial cyclic group. Then there is a cyclic self- 
centralizing subgroup X of N which is normal in N, containing N’. 
We split up: ~$1) V]x is homogeneous; S,2) Vjx= WI i Ws, the sum of 
two totally isotropic dual spaces. 
Re 6,l) Let V/x be homogeneous, By point (1.2) of [l], V is PP- 
isomorphic to the additive group of the field K, where R=&(o), o some 
primitive ]Xlth-root of unity modulo p. By Th. II. 3.10 of [6] I’ is now 
an irreducible &X-module. Then, however, the inverse image Y of X 
in G/F(G) would act irreducibly on P/Z(H), contrary to the monomiality 
of Y-F(G), as proper subgroup of G. This case does not occur. 
Re 6,2) By point (3.12) of [l], W 1 and E’s are both irreducible IL$X- 
modules, by and argument as done above. We have the following series: 
N 2 T(Wl) 2 X II {l}, 
where T(Wi) is the stabilizer of Wi in N. Hence there exists a 2-element 
01 such that V is an irreducible &,(X(a))-module. Therefore the inverse 
image 2 of x(01) in G/F(G) is equal to G/F(G) (otherwise P(G)2 is monomial 
and since P/Z(P) is irreducible under the action of X(a), this produces 
a contradiction). 
Hence N/X is a cyclic 2group. As N is not nilpotent, X contains a 
non-trivial cyclic Hall 2’-subgroup Ni such that Ni a N. By point (1.1) 
of [l], we have X = CN(N~) or ]C,(Nl)/Xj = 2. On the other hand, consider 
QiQS’t), where Xt is the Sylow t-subgroup of Ni, t odd prime. Call S = J&(X,). 
Since S a N, there are at most two classes of isomorphic ErS-modules, 
that is, there are at most two homogeneous constituents of S on V. Now 
any element of N fixes or interchanges these constituents and so N = C&k?) 
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or IN/C&!?)I = 2. Hence C&S’) 2 C&VI). Since N/C$Vr) is a cyclic 
2-group, it follows that T( W ) 1 centralizes any such group 8 for any r, 
dividing INI]. By Th. 6.3.10 of [4], T(W 1 centralizes St, for any t dividing ) 
]IVr], whence T(W1) is contained in C&VI). Therefore T(Wr)=X or 
I!,?‘( Wr)/X] = 2, whence respectively T( WI) = C&VI) =X or T( Wr)/X = 
= C&Vr)/X has order 2. Next we split up according to the prime p which 
divides IPI. 
Re S,2,1) Let IPI =pam+l with p prime and p E 3 (mod 4). Then 
(IN], IF])= 1, following 1.7 (a) of [7]. Hence by lemma 2.2 and lemma 2.3 
of [7], N does not contain a cyclic subgroup of order 4. Therefore any 
2-element of IV has order 2, whence NIX is cyclic of order 2, and N/N1 
is elementary abelian of order 4 or X=Nr. Let TI be an irreducible 
&,Nr-submodule of WI. Since WI]N~ is homogeneous, dim,,(Tr) divides 
dim,( WI) = m. Let OL = dim,,(Tr). Then OL is the smallest natural number 
such that pa 3 1 (mod INlj). See Th. II. 3.10 of [6]. As N1 is of odd 
order, we see that pa E 1 (mod 2lNll). Since +n, we must have in the 
case ]X/IVr] = 2 that oc =m (indeed, Wr is an irreducible &X-module and 
m is the smallest positive integer such that pm 3 1 (mod 1x1) ; see Th. 3.17 
of [l]). Therefore there is an element /? E N with j32 = 1 such that V is 
an irreducible E,(iVr@))-module. Q is a minimal non-M-group, and so 
N=Nr(p) and Nr=X. According to [l], point (3.16), we can identify /3 
with a matrix (zV -T-l) with uv E DK*, where DK* is the semi-direct 
product of the group D= Gal (K/E,) with the multiplicative group K* 
of K as normal subgroup. The action of D on K* is the natural one. 
Further K+ is &,-isomorphic to WI, and K =Pr(w) with o some primitive 
(Xlm-root of unity. Since /?s= 1, we apply point (3.17) of [l], to see that 
82 corresponds to the matrix 
10 
( > 01’ 
where 1 as matrix entry is the unit 
element of K*. On the other hand we have 
(Z -;-3”= (-7-l. uy -o+ uvMl) = (-u2y-‘v ~u~v~v-l). 
Hence us is the trivial automorphism of K and v”v-1 = - 1. Now m must 
be odd, as we can conclude from lemma 2.6 of [7]. Since Gal (K/E,) =m, 
it follows that u is the trivial automorphism of K. Then, however, 
- 1 =a+‘~-l=vv-l= 1 contradicting char K=p q.& 0 (mod 2). The case 8,2,1) 
does not occur. 
Re 6,2,2) Let IPI =pzm+l with p prime and r, = 1 (mod 4). Then 
(IY, IJV=l. A s f ound earlier, N/X is cyclic of order 2 or 4. So there 
exists some a-element #? such that N=X@). As in Re 6,2,1) we may 
identify @ with (Z -T) where u and v have the same meaning as 
before.*) As APEX, we have $=I by point (3.17) of [l]. If a=1 then p 
has order 4. If o# 1, then u maps o to COP”, with w E K*, K* the multi- 
plicative group of the field K, Kf is Ep-isomorphic to WI, m = 2% with m 
the smallest positive integer such that JP = 1 (mod IX]). As before, 
Ep(m) = K and CO is a primitive ]Xjth-root of unity. Since /P E X, 82 
corresponds to the matrix 
The order of - v’v-1 is a power of 2, say 2”. Let LY > 1. Now - vu+= -@-I, 
and v # 1. Hence ( - vpn-i)aa = 1, so @n - 1)2” is a multiple of Iv], the order 
of v. As ]v]=@2”-1)/6 f or some 6 E$& we have (p” - 1)2”=@n- 1)/S, 
for some s in. Hence 2”6 =8(r)%+ 1). Since p 3 1 (mod 4), we have pm+ 1 
divisible by 2 but not by 4. Therefore 2a-llg, and s = 261-1~, u E n. Then 
(-yPn-l)2=y(P~-l)2=yu(P 2n-l)l~ = VW = 1. Hence, in fact, if a > 1, then oc = 1. 
Therefore it follows that jF= 1 or that /l is of order 4. Now, if all 
B E N/N1 -X/N1 are of order 4, then N contains a subgroup L such that 
L=(u, /l]/P=&= 1, w~=zL-~, t odd prime, t#p). By lemma 2.2 and lemma 
2.6 of [7] we have first the necessary condition that JJ has odd order 
modulo t, and then we see that we have here N = L, thereby settling the 
case 4) of theorem 2. 
So we may assume that any element of N/N1 - X/N1 has order 2. Then 
assume N = X(/l> with 82 = 1. Now X/N1 is a non-trivial cyclic ‘L-group. 
Indeed, if X= N1 then we would have the necessary condition that m 
is odd, see lemma 2.6 of [7] and on the other hand, since 82 = 1, o # 1 
which contradicts the oddness of m, as m = 2n, see above. Therefore N/N1 
is not an abelian 2-group, but it must be a dihedral S-group, where it 
can also happen that N/N1 is a Klein four group. By abuse of language 
we say: N/N1 is a dihedral 2-group. Next we study the structure of N 
more closely. By [l], we may identify Q E X such that (Q) =X with the 
matrix 0 0 
( ) 0 co-1 ’ 
where K=E,(w) is the field of pm elements. Moreover 
pm e 1 (mod 1x1). B y what we have said before, m = 2n. Calculate (with 
/P=l): 
(f-f- -y-l) ($ iml) (Ov y-1) = (,,Y g = (; w”-l)-? 
Hence N = (x, uIu2 = I= xd, p 2n G 1 (mod s), p E 1 (mod 4), x”=x-P). 
Let s= 2ys’ with (2y, 8’) = 1. By the dihedral structure of the Sylow 2- 
subgroup of N we have: x8’ 12-+ X-S’ =x-~‘P~. Hence x-s’(?+i) = 1 and 
therefore s’(P~- 1) is a multiple of s, the order of x. So 2ylp” - 1. Let 
nl be the (odd!) order of Ni. Then, by lemma 2.2 and lemma 2.3 of [7], 
the smallest positive integer 61 such that p” E 1 (mod ni) is odd. As Wll~~ 
is homogeneous, OL divides m= 2n. Hence arln. Therefore jP G 1 (mod nl), 
p E 1 (mod 2y), whence also JP = 1 (mod 2Ynl), that is pn E 1 (mod IX]). 
370 
This contradicts the irreducible action of T( Wr) = X on the &X-module 
Wi with dimr& WI) = 2n=m. See theorem II. 3.10 of [6]. The case 
Re 6,2,2) has been completed now. 
Re 6,2,3) Let IFI =2 sm+l. If N has odd order then N is of odd prime 
order and nilpotent. So N must be of even order. By Th. 1.7 of [7], N/N1 
is a cyclic e-group. Here we have N=T( WI)@), with /? corresponding 
to the matrix 1 0:-l , 
( > 
the entries have the same meaning as above, 
with p replaced by 2. Then ~r‘Jv--~v E K*. Hence CT= 1 or C: E I+ ~2” and 
va’-i E K* with m= 2n. Assume that of 1. Then we find that 
N=(x, 4~.2~= l=xs, 2an E 1 (mod .s), xu=x@). 
Let s = Ix\= 2’s’ with (2,s’) = 1. Then z?’ 15 x8’ = ~-2~8’. It follows that 
~?‘@~+l) = 1. Therefore 8’(2n+ 1) is a multiple of s. Hence 6 = 0 and 2 = 1. 
Therefore !I’( Wi)=Ni. According to Th. II. 3.10 of [6], 2m 3 1 (mod INil) 
with m odd. So not only the case of 1 does not occur, but also, as 
P(G/P(G)) is a 2’group by the beginning of this paper, we must have 
o= 1 and bs=l, N/N1 cyclic of order 2. For any w E K* such that 
K=Ez(o), [WI= d or er of Ni, we obtain that N is a dihedral group; this 
follows from (y” ‘z)(i ~-i)(~ ‘:) =(;I i). See (3.17) of [l]: Ni is 
inverted by /3. Now we apply the following procedure, derived from 
Berger’s paper [l]. We can view V as a 2-dimensional EsmN-module Vr 
with basis (en ea} equipped with a symplectic form S ((t), (Fi)), which 
is left invariant under the action of N, and such that # 
((3 (3 = 
=(/31yz-@2y1). M oreover TrrzC+rz(J) is just the symplectic form de- 
scribed in 3 1. This form is also invariant under the action of N, where 
N=((; w”-1)> (y” ;‘> ). Next we argue that we may take 
01 . 
( > 10 ln 
stead of 
0 v-l 
( > vo ’ 
Since the characteristic of K is 2, there is 6 E K* such 
that 6-s =v. Look at the basis {&en 6ea}, obtained by applying the Esm- 
linear map y: Vi -+ Vi, defined by y(ei) =&en y(ea) =6es. Let ei’=Qvei 
and es’ =6ea. Then, with respect to that basis, p corresponds to 
01 
( > 10 
and x corresponds again to With respect to the basis {ei’, es’) 
the symplectic form g remains invariant under y, as can be seen from 
If(Blel+82e2,rlel+y2e2)=Bly2-~lB2=~2v(Bl~2-~lr62)=~1Bv~~2-~2~yl8v= 
= S(Bl dvel+ 82 de2, yl dvel + 672 e2) = g(y(f% el + @2 e2), y(yl el + 72 -92)). 
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Therefore we can assume that y@)= , and that x corresponds to 
where ~0 is the map as described in point (3.17) of [l]. 
So indeed we may assume that ,6 corresponds to . Now, let [ 01 = tp, 
p odd prime. Assume that LY is the smallest positive integer such that 
2” E 1 (mod p). By homogeneouity, LII divides m. Let 17 =&. Let Q be a 
generator of Pa”*. Then R= 
I( )I 
zi qt E (Q) u (0) spans a 2-dimensional 
vector space T over &a, left invariant by the elements of the group 
Nz=((Z ,“-J~ (; 3 ), where we can assume without loss of generality 
as we saw above that the elements of R are taken with respect to the basis 
{en ea}, and also the corresponding elements of the “matrix” group Na 
are considered as elements of N. Now J (($ (~l))=l.andTr,2~,~~l)= 
=x-i’ ld =m where Gal (Esm/Ea) = (A). Since m is odd, we find m 
unequal to 0, viewed as element of E 2. Now, let Ys as in [l], be the 
monomorphism of the &-module V on the E+-module Vi (It is a Ea- 
isomorphism). By [l] we have y&)Ys(u) = Yo(zu), all x E N, u E V. 
Consider RI = YOO-l(R). Then Ns acts on RI as &Na-module. The “defi- 
nition” of this action is xu= Yo-~(~o(x)Y~(~v)). Therefore RI is an irre- 
ducible non-singular ElaNa-submodule of V. By minimality, N= Na and 
RI = V. The case 3) of theorem 2 has been settled and the proof of the 
whole theorem is complete. 
$ 3. THE ACTION OF G/F(G) ON F 
In this section we determine all the minimal solvable non-M-groups 
G such that G/F(G) satisfies the hypotheses of theorem 2. Most conclusions 
drawn are immediately extracted from Q 2. 
1) Let G/F(G) be cyclic of prime order q. Then q is odd. In this case 
we will give an existence proof for G. Here we have F = F(G) with F 
an extra-special p-group of exponent p if p is an odd prime, or F is an 
extra-special S-group but not dihedral, if p = 2. Let IFI =pzm+l. Then p 
has order 2m modulo q and pm = - 1 (mod q). By point (2.1) of [I] we 
can construct G as follows : F/Z(F) is PP- isomorphic to the additive group 
of the field K with pam elements. Let y: E I+ &pm, E E K, be the auto- 
morphism of order 2 of K, and let T be the multiplicative group in K* 
of order pm + 1. Now if G exists, then G/F(G) can be considered as a 
subgroup of T, where the action of G/F(G) on F is compatible with the 
action of the subgroup S of T of order q, namely compatible with the 
action of T on K by multiplication. See here Th. II. 3.10 of [6] and point 
(2.1) of [l]. So what we must do is the following: We have to find the 
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action of S on K (with regard to the invariance of some symplectic form), 
and then extend this action to our original F. The relative holomorph 
F(S) is then the required group G as is easy to see. As said above, T 
acts by multiplication upon K. Choose ,u E K* with ,u+‘= - ~1 (if p = 2 let 
,u = 1). Put g(u, V) = Tr, +p,(~(zc~V-fw)), u, VE K. Then g(u, V) is a 
symplectic form on K, ized by T. Hence T is a subgroup of Sp(Sm, p). 
Take our q as divisor of pm + 1 and consider the subgroup S of T of order q, 
as suggested above. Then S is an irreducible subgroup of Sp(2m, p). 
Now we have to prove that the action of S on K can be extended to 
an action of F. First of all, there is the action of G/F(G) now, on the 
factor group F/Z(F). See again point (2.1) of [l]. This action leaves the 
symplectic form on F/Z(F) invariant, and this symplectic form corresponds 
to the symplectic form defined above. Now, if p is odd, then the action 
of S on F/Z(F) can be extended to the whole of F, by a theorem of 
Dickson, viz. [9]. If p= 2, then Aut (F)/Inn (F) is isomorphic to the full 
orthogonal group 0,(2m, 2), leaving the appropriate quadratic form on 
F/Z(F) invariant; see [3]. We have 
10.(2m, 2)1 =2m2-m+1(2m-&) n (22(-l), 
i-l 
and Os( 2m, 2) is a subgroup of Sp(Bm, 2), where 
ISp(2m, 2)1= 2m2 fi (22*- 1); 
i-l 
see [9]. Now 2 has here order 2m modulo q and E = + 1, if F is the amal- 
gamated product of m dihedral groups of order 8, and E = - 1, if F is 
the amalgamated product of one quaternion group of order 8 with m - 1 
dihedral groups of order 8. Therefore, by the order formula for 0,(2m, 2), 
we must have the latter F for which E = - 1. Notice that any Sylow 
q-subgroup of O-i(2m, 2) is cyclic and equal to any Sylow q-subgroup of 
Sp(2m, 2), i.e. up to isomorphism. Hence there exists a subgroup Si of 
Aut (F) of order q, whose action on F/Z(F) coincides with the action 
of S on K+. 
Hence Si acts on F and the existence of G has been established in all 
cases for p. That G is indeed a minimal non-M-group, is left to the reader. 
The order of G equals qpgm+l. 
2) Let G/F(G) be quaternion of order 8. Then F=F(G) and F is an 
extra-special p-group of exponent p, such that p is an odd prime with 
p = 1 (mod 4). Hence IFI =p3. The example can be derived from point 
(2.3) of [l]. Up to isomorphy there is only one group, namely: 
G=F(a,8)=(5,y,or,81~~==yp=zp=~~4=84=1, [z,y]=z, 
[cc, z]=[y, z]=l, P=&, ~a=#-~, t2 E -1 (mod p), 
d=y, @=x-l, p=/3--1, G=/P, p E 1 (mod 4)). 
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3) Let G/F(G) be cyclic of order 4. Then F= F(G) and F is an extra- 
special p-group of exponent p, such that 1, is an odd prime with p = - 1 
(mod 4). Hence F has order p 3. Let F=(z, ylxp=y”=zp=l, [x, y]=z, 
[x, z]=[y, z]=l). w e may take G=F(c), with &=l, xc=y, yc=x-1. It 
is clear that G is a minimal non-M-group. 
4) Let G/F(G)=(u, j3I,P=ut=l, t odd prime, us=u-1). Then F=F(G) 
and F is an extra-special p-group of exponent p with p # t, p odd prime. 
Moreover p E 1 (mod 4). Let IFI =p 2m+l. Then I, the order of r, mod t, 
is odd as we saw earlier. But then pJ ZE 1 (mod 2t), i.e. 1 =m. We give 
an existence proof for G. Consider (u, B). Then 
<u, B> = ((: ~-$, (i -L’) / fixed v E&P, (0) E (162, u), 0 E&P). 
Call the latter matrix group 8. The symplectic form S 
=&g,yi -/?iya is fixed by 8. Hence G is a subgroup of Sp(2, pm), whence 
also a subgroup of Sp(2m,p) by Th. II. 9.24 of [6]. Then by [9], G can 
be considered as subgroup of Aut (F). Build the semi-direct product GF. 
This is the required group G. It is easy to see that G is a minimal non-M- 
group. We omit the trivial verification. 
5) Assume that G/F(G) is dihedral of order 2q, q odd prime. Then 
IFl=22m+l, where the order of 2 modulo q equals m. Here we will meet 
the complication that F(G)# F, in general. By [ES], F(G) is the central 
product of a cyclic 2-group C with F, such that Qi(C) is identified with 
Z(F). In fact, C=Z(G). As m is odd, see above in Re 8,2,3), it follows 
by an inspection of the order formula for the group 0,(2m, 2) that we 
must have E = + 1, that is, F must be the central product of m dihedral 
groups of order 8. Now, if we can prove that (a, b]aq = 1 = b2, bab-1 =a-1) 
can be represented faithfully in 01(2m, 2) then we know (by [9]) that 
(a, b) can be seen as subgroup of Aut (F). When it has been established, 
then we have to give the generators and relations for G, that is to give 
a practical device for constructing such a G. As we saw in Re 6,2,3), 
(a, b) can be faithfully represented as subgroup of S&2, 2m), whence 
also as subgroup of Sp(2m, 2). Let F/Z(F) = (Zl, . . . . Zm, j1, . . . . gm), where 
the bar denotes class modulo Z(F). Assume that this basis is given so that 
[xg, y,] = z%, St, Kronecker delta, [x~, xt] = [ys, yt] = 1 for all 6, t E (1, 2, . . ., m}. 
Although we don’t need it, we stipulate that all the Q and yj written, 
are of order 2. The representation of (a, b) as subgroup of &p(2m, 2) 
with respect to the given basis, is now as follows: 
a,+(: i), bw(Et), A,B,C,DEGL(m,2). 
pose of A, 
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Further, as 
for (et,) = C, (yu) =D, we see that x=, eti pltj= S,, the Kronecker delta. 
So D* = C-r. On the other hand, is a matrix of order 2, SO D = C-l. 
Thus C is symmetric. Also we see without using it, that C-1 A*C = A. 
Next we show that c (j*)-i) and (L g’) are both contained in 
01(2m, 2). Therefore we have to show that both matrices leave invariant 
the quadratic form defined by 
Let (DL~~) =A, (&) = B, (E{!) = C, (vu) = D. Then we have : 
=,t tit aitt%a)Etri8=t~ &8Etr]8= 5 tjqj, 
i-l 
s=1 s-1 
as B= (.4*)-l. 
And, as C=C*, D=C-1: 
Hence (a, b) can be faithfully represented in 01(2m, 2). By the construction 
of [9] (and using that the chosen xt, ~9 are all of order 2 (here we need it!)), 
we see that (a, b) can be viewed as subgroup of Aut (P). Notice that 
the argument is here more delicate than in the odd prime case, caused 
by the fact that in the p= 2 case Aut (P) does not split over Inn (a) 
in general, where Aut @)/Inn (P) s 0,(2m, 2). See [5]. 
Now we come to the description of the group G. The following normal 
series occurs : 
G;R$F(G)=G yF~F>Z(F),{l]. 
In order that G be a minimal non-M-group, we know that G/F has cyclic 
Sylow 2-subgroups. So there exists an element t E G, with P+l E E’, P 4 F, 
where 28+1 is the order of C and s > 0. Now t2 =cf, for some c E C and 
f E F. Assume that s> 1. Then P E C. So Pa+’ is contained in F A C=Z(F). 
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If s > 1, and t has order 28+1, then P(G) would be of exponent 28+i. By 
construction t2 acts trivially on F, so t2 centralizes (F, t2> = F(G). So t2 E C. 
The order of t2 would be at most 28 contrary to the order of C. So, if 
s> 1, then r?‘+l= z, with (z) = Z(F), C = (t2). t induces an automorphism 
of order 2 on F, as constructed earlier, and the construction of R is also 
clear. If s = 0, then F(G) = F and t2 centralizes F, so t2 = 1 or t2 = z. The 
last remark settles the structure of G completely, namely, R cannot be 
anything else as the semi-direct product of F(G) with a cyclic group 
of order q (by the Schur-Zassenhaus theorem), and the action of R/F(G) 
on F is constructed above, and t acts on F corresponding to the action 
of the matrix 
REMARK. In a future paper we hope to get rid of the additional 
assumption on G/F(G) , made in the hypotheses of theorem 2. 
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